arXiv:1501.00072vl [math.RA] 31 Dec 2014 


A note on modnles over Quantum Laurent Polynomials 

Ashish Gupta 
January 5, 2015 


Abstract 

A twisted group algebra F * A of a, finitely generated free abelian group A over a field F is 
in general noncommutative, but A may contain nontrivial subgroups C so that the subalgebra 
F *C \s commutative. In this paper, we show that an F * A-module M which is finitely generated 
as an F * C-module for any commutative subalgebra F *C must be artinian. We also show that 
M must be torsion-free as F * C-module and the Gelfand-Kirillov dimension of M must equal 
the rank of C. We then apply these results to modules over finitely generated nilpotent groups 
of class 2. 

1 Introduction 

A quantum Laurent polynomial algebra n(c|, F) over a field F is defined as the associative F-algebra 
generated over F by the variables ui, ■ • • , and their inverses, satisfying the relations, 

IliUj — 

where qij G F are nonzero scalars and q is the n x n matrix (q^). The satisfy 

Qii f QijQji^ b J 1; * * * 5 U. 

These algebras have been called by various names. They have been called the multiplicative analouges 
of the Weyl algebra, the McConnell-Pettit algebras, the quantum Laurent polynomial algebras and 
the quantum tori. They arise as localizations of group algebras (see m) and also play an important 
role in noncommutative geometry (see [M]1. 

The quantum Laurent polynomial algebras are precisely the twisted group algebras (see m 
Chapter 1]) F * A of a finitely generated free abelian group A over a field F. In this paper we shall 
mainly use the notation F * A for a quantum Laurent polynomial algebra. Sometimes the following 
more explicit notation shall be needed: 


-p'ciK 


±1 


,±ii 


where q = {qij). 

Subsequently the situation with an arbitrary number of generators up, • • • ,up was studied in 
[MPj . In |MP] . it was noted that the Krull and the global dimensions of F=i=A must coincide. An 
interesting and important criterion was given for these dimensions in [MP[ Corollary 3.8] in terms 
of certain localizations (see IMB ]). 
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In | AG |. Modules over quantum Laurent polynomials have been considered in m. [?], [?], m 
and |MP|. In this note we employ the methods of |AG| and |MP| and the work in m in order to 
prove the following theorem for modules over F * A: 

Theorem A. Let M be a nonzero finitely generated F * A-module, where F * A has center F. Let 
C < A be a subgroup which contains a subgroup Cq of finite index such that F *Co is commutative. 
If M is finitely generated as an F * C-module then, 

(i) giC{M) = rk(C), 

(ii) M is F * C-torsion-free, 

(Hi) M is artinian, 

(iv) M is cyclic. 

In this theorem Q}C{M) denotes the Gelfand-Kirillov dimension of M. It follows from this result 
that each hnitely generated F * A-module with GK dimension one must be artinian (see Corollary 
2.4). 

Artinian modules arise in other situations also. For example it was shown in |Ar] that if the 
multiparameters qij, where 1 < i < j < n, are independent in F*, then each hnitely generated 
periodic F * A-module is artinian and cyclic. 

In Proposition 13.71 we give an application of this theorem to hnitely generated modules over 
hnitely generated and torsion-free nilpotent groups H of class 2. If A: is held we denote by kH the 
group algebra of H over k. A /ciL-module M is said to be reduced if the annihilator of M in k((H is 
a prime ideal P and M is fcCiL/P-torsion-free. Every hnitely generated kH-module is hltered by a 
hnite series each section of which is reduced with some prime ideal of k()H. The following theorem 
which is a special case of is deduced 

Theorem B. Let H be a finitely generated torsion-free nilpotent group of class 2. A finitely generated 
kH-module Q which is reduced with annihilator P, and is finitely generated over kL for some abelian 
subgroup L < H is torsion-free as kL/P.kL-module. Moreover iffH is cyclic then Q is also artinian. 

2 Background on F * ^4 

The twisted group algebra F * A of a hnitely generated free abelian group A over a held F has as 
an F-basis a copy A := {a, a € A} of A. The multiplication of basis elements oi, 02 is dehned by 


0102 = A(ai, 02)0102, 

where A : A x A —>■ F* is a function. The associativity condition requires that the map A be a 
2-cocycle (see lEIl Chapter 1]). The scalars k € F commute with the basis elements. Thus na = ok 
for K € F and o G A. Thus any a G F * A can be uniquely expressed in the form a = FaeA 
where Aa = 0 for all but hnitely many o G A. The subset of elements o G A such that Aa 7^ 0 is 
known as the support of a in A. For a subgroup B of A, the subset of elements fi G F * A such 
that the support of (3 lies in B, has the structure of a twisted group algebra of B over F. This 
is denoted as F*B. As already mentioned, F*A has as an F-basis a copy {o,o G A} of A. By 
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a diagonal change in basis we may also take the subset {Kaa,a G A, Ka € F*} as an i^-basis for 
F * A. As explained in [FT] Chapter 1], with the help of a diagonal change in basis it can be shown 
that F * Z is commutative whenever Z is an infinite cyclic subgroup of A. By [Brl Theorem A], the 
maximal rank of a subgroup B oi A such that F * B is commutative is equal to the Krull and the 
global dimension of F * A. Examples oi F * A for which the commutativity oi F * B implies that B 
is an infinite cyclic subgroup of A can be found in [MP] , 

It is known (e.g. [P21 Lemma 37.8]) that for each subgroup B < A, the monoid of nonzero 
elements of F * S is an Ore subset oi F *A. Thus we may localize F * A dut X := F * B \ {0}. This 
localization {F *A)X~^ is itself a crossed product (see |P21 Chapter 1]) D*A/B of the group A/B 
over the division ring D of quotients oi F*B. In this connection we shall adopt a useful notation 
that was introduced in [MPj : let {xi, • • • ,x„} be a basis for A such that {xi, ■ ■ ■ ,Xk} is basis for 
B, where k < n — 1. Then {F *A)X~^ is denoted as: 


F{X\t ‘ ' T X^) , * • • , , 


where the localised generators are enclosed in roundparenthesess. 

As shown in |MP| , the unit group W of F * A is the set 

U = {ko,, k € F*, a G A}. 

The derived subgroup W of W is a subgroup of F*. Thus U is nilpotent of class at most 2. For 
subsets X and Y of A, we denote by X the subset {x,x G X} of U, and by [A, Y] the subgroup of 
W generated by the commutators [x, y], where x G A and y £Y. Since W is central in U, hence by 
[?, Chapter 5], 


[xiX2,y] = [xi,y][x2,y] 

[x,yiy2] = [x,yi][x,y2] 

A dimension for studying modules over a crossed product F * A of a free finitely generated abelian 
group A over a division ring D, denoted as dim(M), was introduced in [BG] and was shown to 
coincide with the Gelfand-Kirillov dimension ( |KL) ). 

Definition 2.1 (Definition 2.1 of |BG) 1. Let M be a D * A-module. The dimension dim(M) of M 
is defined to be the greatest integer r, 0 < r < rk(A), so that for some subgroup B in A with rank r, 
M is not D * B-torsion. 

Proposition 2.2 (Lemma 2.2(1) of |BG) i. Let 

0 ^ Ml ^ M ^ M 2 ^ 0, 
be an exact sequence of D * A-modules. Then, 

dim(M) = sup(dim(Mi), dim(M 2 )). 


3 The proofs of Theorems A and B 

The following lemma shall be key tool in the proof of Theorem A. 
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Lemma 3.1. Suppose that F * A has a finitely generated module M and A has a subgroup C with 
A/C torsion free, rk(C') = Q1C{M), and F *C commutative. Suppose moreover that M is not F re¬ 
torsion. Then C has a virtual complement E in A such that F r E is commutative. In fact given 
Z-bases {xi, • • • , Xr} and {xi, ■ ■ ■ , Xr, Xr+h ''' ; for C and A respeetively, there exist monomials 
/Ltj, j = r + 1, • • • n, in F rC, and an integer s > 0 such that the monomials commute in F * A. 

Proof. Let XiXj = qtjXjXi, where, i,j = 1, • • • ,n and qij € F*. We set S = F *C \ {0} and denote 
the quotient field {F *C)S~^ by Fs. Then {F * is a crossed product 

R — F(^Xi , • • * , Xj .) , * • ■ , Xn]. 

The corresponding module of fractions MS~^ is nonzero as M is not S'-torsion by the hypothesis. 
Furthermore, by the hypothesis, QK.{M) = rk(C) and so in view of m Lemma 2.3], MS ^ is 
finite dimensional as Fs-space. It is shown in |AG[ Section 3] that if R has a module that is one 
dimensional over Fs then there exist monomials fj.i € FrC such that the monomials p-iXi, where 
r + 1 < i < n, commute mutually. Since the scalars in F are central in F * A, we may assume that 
pLi G C. If Ci is the element of C corresponding to p,i, we may in this case take 

F — (C7.-1_1X7.-1_1, * *' , 077X77). 

the s-fold exterior power M' := A^{MSp^), where, s = dimpsiMS~^) is a one dimensional module 
over the crossed product R' obtained from R by raising the cocycle of R to its s-th power. More 
explicitly R' is the crossed product 

R R T'(xi,*'* , X7.) [Xt--!-! , • * • , X77] 


but with [xi,Xj\ = qij, where 

Qij = Qij, 1 < * < Qij=Qtj, r<i,j<n. (1) 

Then there are monomials ptj G F *C such that the monomials p-jXj, where j = r+1, • • • , n commute 
with respect to the cocycle defined in equation [ 1 ] It easily follows from this that the monomials 
{/ijX®}JF^_i_j commute in F^A. □ 

Remark 3.2. The above lemma remains vaild if we drop the assumption that A/C is torsion-free. 
In this case A has a subgroup A! of finite index such that A'/C is torsion-free. Moreover in view of 
WG[ Lemma 2.7], M is finitely generated and has GK dimension equal to rk(C') as F r A'-module. 

We are now ready to prove, 

Theorem A. Let M be a nonzero finitely generated F r A-module where F * A has center F. Let 
C < A be a subgroup having a subgroup Cq of finite index such that FrCo is commutative. If M is 
finitely generated as an F * C-module then, 

(i) giC{M) = rk(C), 

(ii) M is F r C-torsion-free, 

(Hi) M is artinian, 

(iv) M is cyclic. 
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Proof, (i) We shall denote the module M regarded as F * C-module as Me- By hypothesis Me is 
finitely generated and so Mcg is also finitely generated where Mcg denotes Me viewed as F * Co- 
module. By |BG1 Lemma 2.7], 


giC{M) = giC{Me) = giC{Meo) 

. If giC{M) < rk(C) we may pick a subgroup Eq < Co with rk(Fo) < rk(Co) such that Meg is not 
F * Fo-torsion and giC{M) = rk(Fo) (section ??). Moreover F * Eq is commutative since E*Co is 
commutative by the hypothesis. By Lemmma 13.11 and Remark 13.21 Eq has a (virtual) complement 
El in A such that F * Fi is commutative. Since rk(Fi) -|-rk(Co) exceeds rk(A), Hence Fi nCp > (1). 
Moreover as EiEq has finite index in hence FiCq has finite index in A. But Fi fl Co is central 
in F*FiCo and hence E*A has center larger than F. This is contrary to the hyopthesis in the 
theorem. 

(ii) Suppose that the F * C-torsion submodule T of M is nonzero. We recall that T is an F =i= H- 
submodule of M. Applying part (i) of the theorem just established to T we obtain giC(T) = rk(C). 
We shall denote the F=i=C-module structure on T by Te- We note that Te is finitely generated. 
Moreover 

giCiTe) = rk(r) = rk(C) 

by [BGl Lemma 2.7]. It then follows from [BGl Proposition 2.6], that there exists t G T so that 
anni?*c'(t) = 0. But by the definition of T this is amii?*(;(<) ^ 0. Hence T = 0 and M is 
F * C-torsion-free. 

(iii) We first note that each nonzero subfactor of M has the same GK dimension as M. Let N 
and L be submodules of M such that Q := N/L is nonzero. As Q finitely generated over F*C 
it is F * C-torsion free by part (ii) of the theorem shown above. It follows from Definition 12.11 and 
Proposition 12.21 that 

e/C(g) = rk(C) = ^?/C(M). 

Now let 

M = Mo > Ml > Ms > • • • , (2) 

be a strictly descending sequence of submodules of M. By the above giC{Mi/Mi+i) = giC{M) for 
all j > 0. By |MP1 Lemma 5.6] and [MPl 5.9] the sequence (I2|) must become constant after a finite 
number of steps. Hence M is artinian. 

(iv) Since F * A has center F, it is simple by [MPl Proposition 1.3]. It follows from [Bal Corollary 

1.5] that M is cyclic. □ 

Corollary 3.3. Each finitely generated module with Gelfand-Kirillov dimension less than or equal 
to one over an E * A with center exactly F is artinian and cyclic. 

Proof. We recall that an F * A-module with GK dimension zero is finite dimensional (e.g. IKLj i 
over the base field F and so is artinian. By |W1 Lemma 2.9], an F * A-module with GK dimension 
one is finitely generated over some F * C with C infinite cyclic. Since F * C must be commutative, 
the result follows from Theorem A. □ 

Proposition 3.4. A finitely generated F * A-module M satisfying 

giC{N) + dim(F *A)= rk(A) 


has finite length. 
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Proof. By [?, Theorem A], dim(F * A) is equal to the maximal rank of a subgroup B oi A such that 
F * B is commutative. Hence in view of [?]B, the minimum possible GK dimension of a nonzero 
finitely generated F* A-module is rk(A) — dim(F* A) = QIC{M). Thus in any (strictly) descending 
sequence M = Mq > Mi > • • • > of submodules of M, Q]C{Mi/Mi+i) = QK{M) for each i > 0. It 
then p follows from |MP1 Lemma 5.6] and |MP[ 5.9] that this sequence must halt. Hence M has 
finite length. □ 

We now investigate the situation in which a submdoule of a finitely generated F * A-module is 
finitely generated over a commutative subalgebra F * C for C < A. 

Definition 3.5. A nonzero F * A-module N is called critical when N/L has strictly smaller GK 
dimension than N for each nonzero proper submodule L of N. 

3.1 Applications to nilpotent groups 

We shall now consider some applications to finitely generated torsion-free nilpotent groups of class 
2. Throughout this section FI stands for such a group and k denotes a field. We denote the group 
algebra of FI over k by kH and by fH the center of H. 

In [G], the following definition is given. 

Definition 3.6. A finitely generated kFl-module M is said to be reduced if there is a prime ideal 
P of kfF[ such that M is annihilated by P and is k(f FI/P-torsion-free. 

It is remarked in m that every finitely generated fciL-module is filtered by a finite series in which 
each section is reduced. We are now ready to prove 

Proposition 3.7. Let FI be a finitely generated torsion-free nilpotent group of class 2. Let M be 
a finitely generated kH-module reduced with annihilator P in kfH. If M is finitely generated as a 
kL-module for some abelian subgroup L < H then, 

(i) M is torsion-free as kL/P.kL-module, 

(ii) for any descending sequence 

Ml > M2 > ■ ■ ■ > 

of submodules of M, there is an integer s such that Mk/Mk+i is kfH/P-torsion for all k > s, 

Proof. We note that there is no harm in assuming that L > C,H. As in [G], let denote the field 
of fractions of kfH/P and set 

M = M ®kCH/p K. 

Then M is a. finitely generated module for kH/P.kH ®kc,H/p K and the latter is a twisted group 
algebra K * A, where A = H/tfH. Moreover the center of F * A is exactly K. By the hypothesis in 
the theorem, M is finitely generated over kL and so over kL/P.kL. Thus M is finitely generated 
over kL/P.kL ®kCH/p K which is the subalgebra F = 1 = C for C = L/fH. Moreover since L is abelian, 
therefore, F * C is commutative. By Theorem A, M is F * C-torsion-free. In other words M is 
torsion-free as kL/P.kL <S)kCH/p F-module. As M is reduced it is by definition k(H/P-toision free. 
Hence the natural kH/P.kH-Ymeai map p : M ^ M via y 1 —>■ y (8> 1 is a monomorphism. Therefore 
M must be kL/P.kL-torsion, free. This shows part(i). □ 
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As a consequence we obtain 


Theorem B. Let H be a finitely generated torsion-free nilpotent group of class 2 . For a finitely 
generated kH-module N which is reduced with annihilator P and is finitely generated over kL for 
some abelian subgroup L < H, N is torsion-free as kL/P.kL-module. Moreover if C,H is cyclic then 
N has finite length. 
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